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Abstract. The equation of state along with the hot neutron star matter
provides an important framework for studying essential astrophysical
phenomena, such as the formation of protoneutron stars and the neutron star merger remnants. The equations of state of the fluid in the
interior of the star for the above dynamical phenomena are based on
the momentum-dependent interaction model and state-of-the-art microscopic data. In particular, we construct them at finite temperature with
beta-stable matter, and finite entropy per baryon with varying proton
fractions. Furthermore, we investigate in detail the thermal and rotation
with the Kepler frequency effects on neutron star quantities, including
the mass and radius, the frequency, the Kerr parameter, the moment of
inertia, the central baryon density, etc. Thermal support and its effect
on isolated neutron stars, as well as on the postmerger remnants, could
provide useful insight and robust constraints on the equation of state of
nuclear matter.
K EY WORDS : nuclear matter, hot and dense matter, neutron stars, binary neutron star merger remnant.

1

Introduction

Protoneutron stars are formed in the aftermath of the gravitational collapse of the
core of a massive star. At this stage, the star begin its life with a large amount
of thermal energy and neutrinos trapped in the interior of the star [1–4]. On
the other hand, hot neutron stars are formed as a result of mass accretion due
to a companion (absence of neutrinos). Both of them are crucial for astrophysical phenomena, such as the neutron star mergers, the formation of protoneutron
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stars, and the formation of black holes. An important ingredient for the study
of hot and dense matter is the equation of state (EoS) and its associated neutrino opacities, which at high densities (several times the normal nuclear matter
density) remains unknown.
At the moment, observations are the most powerful tool to impose constraints on
the high density properties of the EoS. In particular, both static and rotating neutron stars are the main object of observations. The most robust ones are the maximum mass, including the resent PSR J0740+6620 with M = 2.14+0.10
−0.09 M [5],
and the spin frequency of a neutron star, including the PSR J1748-244ad with
f = 716 Hz [6]. An additional source of constraints are the observations of
binary neutron star mergers. Specifically, the observations of the GW170817 [7]
and GW190425 [8] events, have contributed to the unknown intermediate region
of densities. Concerning the high density region, reliable candidates are the remnant and its maximum stable mass, spin period, and lifetime, which are strongly
depend on the dense matter properties at high temperature and entropy.
In the present work we construct a set of thermodynamically consistent isothermal and isentropic EoSs, based on the parameterized cold one, and apply them
in order to study the bulk properties of hot neutron stars. In particular, we study
the importance of the free energy and the effect of the proton fraction related
to the cooling through dynamical processes. We examine the evolution of the
neutron star through the sequences of constant baryon mass, connecting macroscopic with microscopic properties. Furthermore, we focus on the extensive
study on some of the bulk properties of both nonrotating and rotating at the
mass-shedding limit hot neutron stars, including the moment of inertia, Kerr parameter, and ratio of rotational kinetic to gravitational binding energy T /W . Finally, we study the hot, rapidly rotating remnant of a binary neutron star merger
related to the EoSs. For an extensive study and information about the construction of the EoSs and their applications see Ref. [9].
The paper is structured as follows. In Section 2 we present the EoS at finite
temperature, and in particular the constructive model and the thermodynamical
quantities, while in Section 3 we display the astrophysical implications. The
scientific remarks are contained in Section 4.
2

Equation of State at Finite Temperature

2.1

Momentum-dependent model and construction of the equation of
state

The EoSs for the description of hot neutron star matter are based on the momentum-dependent interaction (MDI) model [10–12] and data provided by Akmal et al. [13] for the APR-1 EoS (hereafter MDI+APR1). In particular, the
schematic presentation of the cold MDI+APR1 EoS for the symmetric nuclear

548

Thermal Support and Rapid Uniform Rotation
SNM
PNM

Energy per baryon (MeV)

400

Data for SNM
Data for PNM

300

200

100

0
0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

Nuclear matter density (fm 3)

0.9

1.0

Figure 1. (Color online) The fits of SNM and PNM of MDI+APR1 cold EoS. The SNM
is presented by the circles and solid line, while the PNM is presented by the triangles and
dashed line. The shaded region corresponds to benchmark calculations of the energy per
particle of PNM extracted from Piarulli et al. [17].

matter (SNM) and the pure neutron matter (PNM), as well as the data of Akmal
et al. [13] for comparison, are displayed in Figure 1.
The above parameterization for the cold, catalyzed matter is applied for the
additionally construction of 10 hot EoSs based on temperatures in the range
[1, 60] MeV, and nine hot EoSs based on lepton fractions and entropies per
baryon in the ranges [0.2, 0.4] and [1, 3] kB , respectively. Furthermore, for
the solid crust region, we adopted the EoSs of Feynman et al. [14] and Baym
et al. [15], while for the finite temperature cases and the low-density region
(nb ≤ 0.08 fm−3 ), as well as the finite entropies per baryon and lepton fractions, the EoSs of Lattimer and Swesty [16] and the specific model corresponding to the incomprehensibility modulus at the saturation density of SNM
Ks = 220 MeV are used.
2.2

Effects of thermodynamical quantities: free energy and proton
fraction

The free energy per particle is a quantity related to the calculation of the proton
fraction. In Figure 2 we display the free energy per particle as a function of the
baryon density for (a) the PNM and (b) the SNM and temperatures in the range
[0, 60] MeV. Although the temperature effect is significant at low densities, at
high densities, since the Fermi energy is appreciably higher compared to the
thermal energy kB T , it is less pronounced, leading to the converge of the free
energy-density trends.
Furthermore, in Figure 3 we display the proton fraction as a function of the
baryon density for temperatures in the range [0, 60] MeV. The introduction of
temperature has as a result the appearance of important thermal effects at low
549
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Figure 2. (Color online) The free energy per particle as a function of the baryon density
for (a) PNM and (b) SNM and temperatures in the range [0, 60] MeV. Fits are presented
with the solid lines and data with circles (see also Ref. [9]).

densities, where at high densities the effects are moderated. It has to be noted
here that the above dependence is a consequence of the similar sensitivity of
free energy per particle on the temperature and it is reflected on the structure of
neutron stars [9].
0.30

Proton fraction

0.25
0.20
0.15
0.10

T = 0 MeV
T = 1 MeV
T = 2 MeV
T = 5 MeV
T = 10 MeV
T = 15 MeV

0.05
0.00 0.1

0.2

0.3

0.4

0.5

0.6

0.7

Baryon density (fm 3)

T = 20 MeV
T = 30 MeV
T = 40 MeV
T = 50 MeV
T = 60 MeV

0.8

0.9

1.0

Figure 3. (Color online) The proton fraction as a function of the baryon density for
temperatures in the range [0, 60] MeV. The cold configuration is presented with the solid
line, while the hot ones with dashed lines.

3

Astrophysical Implications

3.1

Sequences of constant baryon mass

As sequences of constant baryon mass represent the evolution of isolated neutron stars, we applied them in hot neutron stars in order to study thermal effects
550
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Figure 4. (Color online) The Kepler frequency as a function of (a) the temperature and (b)
the central baryon density for constant baryon mass sequences. (a) Solid lines correspond
to fits (for more details see Ref. [9]). (b) The solid line corresponds to Eq. (1) and open
circles mark the high-temperature region (T ≥ 30 MeV).

on the evolution. Specifically, we have used the EoSs in the temperature range
[0, 60] MeV, and a sequence related to the cooling of the neutron star is constructed. Figure 4 displays the Kepler frequency as a function of (a) the temperature and (b) the central baryon density for four baryon mass configurations in
the range [1.6, 2.2] M .
In particular, in Figure 4(a) is presented the reduction of the Kepler frequency
along the temperature, where for low temperatures, [0, 15] MeV, the effect is
more pronounced. Furthermore, in Figure 4(b) two distinct features stand out.
Firstly, the linear relation that exist for temperatures lower than 30 MeV, among
the baryon masses and assuming constant temperature. Secondly, and more important, the linear relation that holds on between the Kepler frequency and the
central baryon density for temperatures T ≥ 30 MeV and independently of the
baryon mass. The relation can be expressed as
f (ncb ) = −473.144 + 2057.271ncb ,

(Hz)

(1)

where the frequency and the central baryon density are given in units of Hz and
fm−3 , respectively. The above relation can actually define the allowed region
for a hot neutron star rotating at its mass-shedding limit [9].
3.2

Bulk neutron star properties: moment of inertia, Kerr parameter,
and T/W ratio

In Figures 5(a,b) we display the dimensionless moment of inertia as a function
of the compactness parameter1 for (a) temperatures in the range [0, 60] MeV
1 Compactness

parameter: β = GM/Rc2 .
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Figure 5. (Color online) (a,b) The dimensionless moment of inertia as a function of
the compactness parameter. (c,d) The Kerr parameter as a function of the gravitational
mass. The horizontal dotted line marks the Kerr bound for astrophysical Kerr black
holes, KB.H. = 0.998 [18]. The shaded region represents the limits for neutron stars
from Eq. (3). (e,f) The angular velocity as a function of the ratio of rotational kinetic to gravitational binding energy. The vertical dotted line marks the critical value,
T /W = 0.08 [21], for gravitational radiation instabilities. Plus sign, diamonds, squares,
and crosses represent the Mgr = 1.4 M configuration. Figures (a,c,e) correspond to
isothermal profile, while Figures (b,d,f) correspond to isentropic profile. For all Figures,
the cold configuration is presented with the solid line, while hot configurations with the
dashed ones. All Figures correspond to the mass-shedding limit.
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and (b) lepton fractions and entropies per baryon in the ranges [0.2, 0.4] and
[1, 3] kB , respectively. Dimensionless moment of inertia, in connection with the
compactness parameter, could provide crucial information about the structure
of the neutron star. Specifically, the increase of temperature or the entropy per
baryon in the interior of the neutron star leads to lesser compact objects than the
cold neutron star.
Kerr parameter is related both to neutron stars and Kerr black holes, defined via
the relation
c J
,
(2)
K≡
G M2
and it is also an indicator of the final fate of the collapse of a rotating compact star. Except from the constraint for Kerr black holes [18], constraints for
neutron stars are possible via the relations for angular velocity and moment of
inertia in Refs. [19, 20]. In particular, we found that the Kerr parameter, at the
mass-shedding limit for a cold, catalyzed neutron star, is given by the universal
expression
p
(3)
Kk ' 1.34 βmax .
Assuming that, for the majority of realistic cold EoSs, the relation 0.24 ≤
βmax ≤ 0.32 holds, we concluded that 0.66 ≤ Kk ≤ 0.76 [9].
In Figures 5(c,d) we display the Kerr parameter as a function of the gravitational
mass for (c) temperatures in the range [0, 60] MeV and (d) lepton fractions and
entropies per baryon in the ranges [0.2, 0.4] and [1, 3] kB , respectively. As the
temperature or the entropy per baryon (with constant lepton fraction) increases,
the Kerr parameter decreases. Thermal effects conjecture that the limits introduced by the Kerr black holes [18] and neutron stars, through Eq. (3), cannot
be violated. Henceforth, the gravitational collapse of a hot, uniformly rotating
neutron star, constrained to mass-energy and angular momentum conservation,
cannot lead to a maximally rotating Kerr black hole.
In Figures 5(e,f) we display the angular velocity as a function of the ratio T /W
for (e) temperatures in the range [0, 60] MeV and (f) lepton fractions and entropies per baryon in the ranges [0.2, 0.4] and [1, 3] kB , respectively. In neutron
stars, the point that locates the nonaxisymmetric instability, which is responsible for the emission of gravitational waves, is defined via the ratio of rotational kinetic to gravitational binding energy T /W . In particular, instabilities
driven by gravitational radiation for models with Mgr = 1.4 M would set in
at T /W ∼ 0.08 [21]. For sufficiently compact neutron stars or low temperatures, the nonaxisymmetric instability will set in before the mass-shedding limit
is reached. The information that can be gained is that the maximum gravitational
mass and the angular velocity will be lowered.
Assuming a binary neutron star merger remnant with at least a temperature of
30 MeV or S = 1 with Yl = 0.2, constraints are possible through the compactness parameter, the Kerr parameter, and the ratio of kinetic to gravitational
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binding energy. After a binary neutron star merger, the remnant is a compact
object consisting of neutron star matter, additionally to its high rotational rates.
Considering the maximum mass configuration at the mass-shedding limit (a) the
iso
ise
compactness parameter is constraint to βrem
≤ 0.19 and βrem
≤ 0.27, (b) the
iso
ise
Kerr parameter is constraint to Krem ≤ 0.42 and Krem ≤ 0.68, and (c) the ratio
ise
T /W is constraint to (T /W )iso
rem ≤ 0.05 and (T /W )rem ≤ 0.127 (the superscripts “iso" and “ise", correspond to isothermal and isentropic profiles). Based
on the above values, two conjectures can be made for the aftermath of a neutron
star merger. In particular, in the isothermal case, it creates a lesser compact star
than the cold neutron star with lower values of maximum gravitational mass and
frequency, and stable toward dynamical instabilities, where for the isentropic
aftermath, the object is comparable to the cold one [9].
4

Concluding Remarks

The role of thermal support in isolate neutron stars and binary neutron star
merger remnants have been extensively studied with the use of thermodynamically consistent EoSs (isothermal and isentropic), and the construction of nonrotating and uniformly rotating at the mass-shedding limit axisymmetric equilibrium sequences. The astrophysical applications of the EoSs may be acceptable
for a first-order study of protoneutron stars, as well as of the postmerger remnant that has survived the initial highly dynamical and strongly nonaxisymmetric
postmerger evolution and settled down into a stable quasi-equilibrium state [22].
The nuclear model which applied for the construction of the EoSs, presents merits compared to other models: (a) the thermal effects (both in isothermal and
isentropic profiles) have been included in a self-consistent way, (b) the model
is flexible enough to produce a wide range of EoSs by properly modifying the
density dependence of the symmetry energy, (c) the model reproduces microscopic calculations concerning both the SNM and the PNM, (d) the momentum
dependence of the potential interaction (which is absent in the majority of the
proposed models) is in accordance with the terrestrial studies and experiments
of heavy-ion reactions for both low and high densities and temperatures, and (e)
the model ensures the causal behavior of the EoS at high densities.
The baryon mass of a neutron star is a conservative quantity, suggesting that the
temperature dependence is significant. In fact, the rising of the temperature in
the core of the neutron star has as a consequence to lower the value of the baryon
mass. In particular, we focus on the rapidly rotating remnant assuming its rotation at mass-shedding limit. In the cold case, the baryon mass is 3.085 M ,
while for a hot one at T = 30 MeV is 2.427 M and for one at S = 1 is
3.05 M . By assuming equal masses of merger components, these limits correspond to merger components of ∼ 1.5425, ∼ 1.2135, and ∼ 1.525 M baryon
masses, respectively. Additionally, the immediate aftermaths of GW170817 [7]
and GW190425 [8] events had created hot and rapidly rotating remnants. Al554
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though the merger remnants are born with differential rotation, the uniform rotation approach can provide us with useful insight about the EoS. In the case of
GW170817 event, a remnant with a total mass of ∼ 2.7 M has been created.
In correlation with the MDI+APR1 EoS, with respect to baryon mass, only cold
and isentropic neutron stars with uniform rotation can support the remnant. As
for the GW190425 event, the existence of the ∼ 3.7 M remnant cannot be
described only by uniform rotation.
Moment of inertia informs us about the structure of the neutron star as it continuously changes its angular velocity and loses angular momentum due to radiation.
Thermal support lead to the conclusion that moment of inertia, and compactness
parameter, have lower values than the cold neutron star. This particular behavior is influenced by the unique interplay between the gravitational mass and the
equatorial radius.
The interplay between the Kerr parameter and temperature has as a result the
reduction of the Kerr parameter, setting the maximum value equal to the one of
the cold neutron star. In this way, as the limit for neutron stars is lower than
the one for Kerr black holes, the thermal support cannot lead a star to collapse
into a maximally rotating Kerr black hole. In addition, after ∼ 1 M , while
in the cold configuration the Kerr parameter is approximately constant, in hot
configurations is an increasing function of the gravitational mass, leading to a
unique maximum value. The latter suggests the peculiar relation between the
gravitational mass and angular momentum as the temperature increases.
In the gravitational collapse due to gravitational radiation, the value of the ratio
T /W is ∼ 0.08 for the Mgr = 1.4 M configuration [21]. Thermal support
lead the star to lower values for the ratio T /W , meaning that the instabilities
by gravitational radiation never occur in a postmerger remnant or a hot, rapidly
rotating neutron star. In the cases where the ratio exceeds the T /W ∼ 0.08, this
value sets the limit for the maximum gravitational mass and angular velocity,
lowering the latter quantities for the neutron star.
Evolutionary sequences of constant baryon mass can interpret both thermal and
instability effects in neutron stars. Specifically, in the case of the Kepler frequency and the central baryon density, for temperatures T ≥ 30 MeV, the existence of a linear relation between these quantities, defines the allowed region of
the pair of the central baryon density and corresponding Kepler frequency for a
rotating hot neutron star at its mass-shedding limit.
Future work should include differential rotation, with emphasis on the various
differential laws, and a broader set of hot microphysical EoSs. Finally, the postmerger remnant and its dynamical processes should be thoroughly investigated,
as the LIGO and Virgo collaboration will provide us with more events of neutron
star mergers.
For the numerical integration of the equilibrium equations we used the publicly
available numerical code nrotstar from the C++ Lorene/Nrotstar library [23] (for
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more details see Ref. [9]; for the instability criteria see Refs. [9, 24, 25]).
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