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Abstract. We developed a model which allows to take into account
both shape deformation parameters and cluster degrees of freedom.
The important ingredient of the model is the dinuclear system concept in which the wave function of the nucleus is treated as a superposition of a mononucleus and two-cluster configurations. The model
is applied to describe the properties of alternating rotational bands in
222,224,226,228
Ra. The spin-dependences of the parity splitting and of
the reduced matrix elements of E1 transitions between the members of
alternating parity bands are calculated and compared with experimental
data.
K EY WORDS : ENTER PLEASE KEY WORDS OR PHRASES IN ALPHABETICAL ORDER, SEPARATED BY COMMAS.

1

Introduction

In the even-even isotopes of actinides the low-lying negative parity states
with energies lower than the two-quasiparticle limit are observed. The lowest negative-parity states form the rotational or quasivibrational bands which
mainly decay via collective E1 transitions into the ground-state band. While the
formation of the positive-parity bands is connected in general to the quadrupole
collective motion, the lowering of states with negative-parity is a signature of
the reflection asymmetric collective mode. From the microscopic point of view,
the possibility of strong reflection-asymmetric correlations in the vicinity of
the ground state can be associated with the appearance of orbital pairs with
∆j = ∆l = 3 near the Fermi surface. Besides the actinides, a similar situation occurs in nuclei with masses near A ∼ 56 and A ∼ 134 that is in agreement
with experimental data. The results of calculations within the shell-corrected
liquid drop models [1, 2] and mean-field models [3–5] show that nuclei in these
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mass regions are either soft with respect to the octupole deformation or octupoledeformed. The possibility of the strong octupole correlations in actinides was
also investigated in the frame of the coherent quadrupole-octupole collective
model [6].
An alternative explanation is suggested by the dinuclear system model in which
long-range multipole correlations might lead to the formation of light clusters
on the surface of a heavy nucleus. The contribution of such dinuclear configurations to the nuclear wave function naturally leads to an appearance of a
reflection-asymmetric deformation. The strength of this deformation is determined by the relative weight of the dinuclear configurations. The idea that clustering is responsible for the reflection–asymmetric deformations of the medium
mass and heavy nuclei is based on the fact that these nuclei are good alphaemitters. Moreover, the calculation of potential energies of the dinuclear systems with α-particle as a light cluster have shown that their energies are close
to the binding energy of the corresponding nucleus. Thus, there is a significant
probability to form an α-cluster in the surface region of the nucleus.
In Ref. [7, 8], the dinuclear model have been used to describe the parity splitting
in actinides and rare-earth nuclei. To describe the reflection asymmetric collective modes characterized by nonzero values of angular momentum projection K,
the degrees of freedom related to the internal excitation of clusters were taken
into account [9, 10]. The excited 0+ states in 240 Pu which decays via strong E1
transition to the members of lowest negative-parity band was explained as a first
excited state in mass asymmetry degree of freedom [11]. Recently, the alphacluster model have been successfully applied to describe recent experimental
data on the strength of B(E2) transitions in the ground-state band of 212 Po [12].
In a series of recent experiments [13, 14] conducted at HIE-ISOLDE facility at
CERN, an electric dipole and octupole transitional moments have been measured
in 222,224,228 Ra. It is interesting that despite the fact that the parity splitting has
a minimum at 224 Ra, the dipole and octupole moments continue to increase in
222
Ra providing evidence for increasing reflection-asymmetric deformation as
expected from the dinuclear system model [8]. The weight of alpha-cluster dinuclear system is expected to increase all the way up to 220 Ra thus increasing the
octupole and dipole transition probabilities. The increase of parity splitting for
light Ra isotopes can be understood as due to the interplay between quadrupole
deformation of the heavy cluster and mass-asymmetry degree of freedom.
In this work we apply the dinuclear system model to analyze the isotopic dependence of parity splitting and of the electric dipole transition probabilities in Ra
isotopes.
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2

Model

2.1

Hamiltonian

Instead of parametrizing nuclear shape in terms of multipole deformation parameters, we use degrees of freedom related to the dinuclear system (DNS). As DNS
we understand the system of two touching fragments (A1 , Z1 ) and (A2 , Z2 )
with A1 + A2 = A and Z1 + Z2 = Z kept together by the molecular-type
nucleus-nucleus potential. The special case of the DNS in which one fragment
has zero mass is denoted as a mononucleus. Each dinuclear system configuration
can be characterized by the mass-asymmetry ξ = 2A2 /A, charge-asymmetry
ξZ = 2Z1 /Z, and the vector of relative distance between the centers of the
fragments R = (R, θR , φR ).
The main idea of the DNS model is that the intrinsic nuclear wave function
can be assumed as a superposition of the monunucleus and different dinuclear
configurations. The mononucleus is taken to be quadrupole-deformed; thus, in
the DNS model, the reflection-asymmetric deformation of the nucleus is related
solely to the nonzero weight of the asymmetric dinuclear systems.
Applying the model to the description of the low-lying excitations in actinides,
we presume that the main source of the reflection asymmetric deformation is
the contribution of the DNS with an alpha-particle as a light cluster. As was
mentioned in the Introduction, actinides are good α-emitters, thus, there is a
significant probability to form an α-cluster in the surface region of the nucleus.
Due to the stable closed-shell structure of the alpha-cluster, it is reasonable to
presume that the ground-state and low-lying excited states of actinides can have
a significant contribution of α + (A − 4, Z − 2) cluster structures (α-cluster
DNS) without appreciable internal excitations of the heavy fragment.
The degrees of freedom chosen to characterize a system with quadrupole deformed heavy cluster and spherical light cluster are related to the transfer of
nucleons between the fragments, to the rotation of the heavy fragment, and to
the relative motion of fragments. The charge asymmetry ξZ is not considered as
an independent collective variable and fixed to ensure neutron-to-proton ratio in
the light fragment to be as in alpha-particle, i.e. Z2 /A2 = 0.5.
The Hamiltonian of the model has the following form
Ĥ0 = −

~2 ˆ2
~2 1 ∂ 3/2 ∂
ξ
+
l
2Bξ ξ 3/2 ∂ξ
∂ξ
2=h (ξ) h
~2
ˆl2 + ~ωR (ξ) + U (ξ, Rm , β0 , ). (1)
+
2
2µ(ξ)Rm 0
2

Here, we assumed that the value of internuclear distance R = Rm (ξ, β0 , ) is
set equal to the position of the minimum of the potential in R for given value of
ξ, relative orientation of the fragments defined by angle  and the deformation
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β0 of the heavy fragment. The heavy fragment is assumed to be spherical or
quadrupole deformed. The calculations of the potential energy [15] show that
the minimum corresponds to the touching configuration of the clusters. The
energy of the zero-order vibrations in R around the equilibrium value Rm is
given as ~ωR /2. The mass-asymmetry is treated as a continuous variable. In
(1), µ ≈ m0 Aξ/2 is the reduced mass of the DNS (ξ  1), m0 is the nucleon
mass, and =h (ξ) is the moment of inertia of the heavy fragment. The angular
momentum operators describing the rotation of the heavy fragment, ˆlh2 , and the
relative rotation, ˆl02 , are given as
ˆ2i = −

∂2
∂
1
1 ∂
,
sin θi
−
2
2
sin θi ∂θi
∂θi
sin θi ∂φ2

(i = 0, h).

(2)

The angles Ωi = (θi , φi ) describe the orientation of the symmetry axis of the
heavy fragment (i = h) and of the vector R (i = 0) with respect to the laboratory frame. The angle of the relative orientation  cane be related to Ω0 and Ωh
by the expression

√
2
sin2  =
1 − 5 [Y2 (Ωh ) × Y2 (Ω0 )]00 .
(3)
3
The calculation of the mass parameter Bξ is given in Ref. [16]. In the current
work Bξ is treated as a parameter of the model.
The potential energy U (ξ, Rm , β0 , ) is determined as
U (ξ, Rm , β0 , ) = B1 (ξ) + B2 (ξ) + V (ξ, Rm , β0 , ),

(4)

where the quantities B1 and B2 are the binding energies of the clusters forming
the DNS. The experimental ground-state masses from Ref. [17], if available, are
used in the calculations. If not, the predictions of Ref. [2] are used. Shell effects and pairing correlations are included in the binding energies. The nucleusnucleus potential V (ξ, Rm , β0 , ) is calculated using the procedure described in
Ref. [15].
The potential energy as a function of relative orientation of the fragments has a
minimum which corresponds to the pole-to-pole orientation ( = 0). We approximate the -dependence of the potential energy by the second order expansion in
the Legendre polynomials as
U (ξ, Rm , β0 , ) = U0 (ξ, Rm , β0 ) + C0 β0 ξ sin2 ,

(5)

where U (ξ, Rm , β0 , ) = U0 (ξ, Rm , β0 ) = U (ξ, Rm , β0 ,  = 0). The second
term in Eq. (5) describes the interaction between the rotational degrees of freedom and mass asymmetry. Since in the vicinity of the ground state both ξ  1
and β0  1, we expand the interaction in Eq. (5) leaving only term which is
linear in ξ and β0 .
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2.2

Diagonalization of the Hamiltonian

The Hamiltonian (1) is diagonalized on the set of basis functions
1 ,l2 ,n
ΦlL,M,π
= Fn (ξ) [Yl1 (Ωh ) × Yl2 (ΩR )](LM ) ,

(6)

where n = 0, 1, 2..., l1 = 0, 2, 4..., and l2 = 0, 1, 2... The basis functions in
mass asymmetry are denoted as Fn (ξ). The angular part of the basis wave function (6) is given by the bipolar spherical harmonics, which provide the proper
transformation properties with respect to the rotation and space inversion. Since
we have assumed that the heavy fragment is the axially-symmetric quadrupole
rotator the quantum number l1 can take only even values. The parity of the state
is then determined as π = (−1)l2 .
The peculiarities of the spectra of Hamiltonian (1) strongly depend on the
strength of the interaction between the rotational and mass-asymmetry degrees
of freedom. To qualitatively analyze the role of this interaction, lets assume that
the mass-asymmetry motion is significantly faster than both the rotational motion of the heavy fragment and the relative rotation. Then in the description of
the yrast spectrum we can separate the motion in ξ from the other degrees of
freedom and consider the system in its lowest state Ψ0 (I, ξ) with respect to the
mass-asymmetry [9]. We can then average out the Hamiltonian (1) with respect
to ξ and obtain its simplified form as
Ĥ0 =

~2
~2
ˆl2 +
ˆl2 + C0 β0 ξ0 (I) sin2 ,
2 0
2=h (ξ0 (I)) h 2µ(ξ0 (I))Rm

(7)

where ξ0 (I) = hΨ0 (I)|ξ|Ψ0 (I)i is the average mass asymmetry for the angular
momentum I.
If for certain angular momentum either β0 ≈ 0 or ξ0 ≈ 0, then the interaction
term in Eq. (7) can be approximately neglected. This leads to the yrast spectrum
of the form
~2
I(I + 1),
2=h
~2
~2
E(I) =
I(I + 1) +
,
2
2=h
2µRm
E(I) =

(even I),
(8)
(odd I).

2
) with
Thus, the negative-parity band is just shifted on an amount ~2 /(2µRm
respect to the positive parity ground state band.

The opposite case of strong interaction occurs when neither ξ0 nor β0 are small.
In this case the light fragment is localized in the pole region of the heavy
one. As was shown in Appendix of [10], in the limit of strong interaction, i.e.
C0 ξ0 (I)β0  1, the Hamiltonian can be diagonalized analytically, yielding the
spectrum of the form
E(I) =
82

~2
I(I + 1),
2 )
2(=h + µRm

I = 0, 1, 2, ...

(9)
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Such a spectrum is expected for the rotor with stable reflection-asymmetric deformation.
Since the moments of inertia of dinuclear systems is generally larger than that
of the mononucleus configuration, the energies of cluster configurations grow
slower with angular momentum. Because of this, the weights of cluster components and ξ0 (I) are both increasing with I. Therefore, we expect that the yrast
spectrum of the nucleus will evaluates with spin from the limit of reflectionasymmetric vibrations, Eq. (8), to the limit of unperturbed band with interleaved
positive and negative parity states given by Eq. (9).
2.3

Multipole moments

The reduced transition probability for the transition from the initial state |i > to
the final state |f > is calculated as
B(Eλ; i → f ) =

1
|hf kQλ kii|2 ,
2Ii + 1

where the multipole operator Qλµ is defined as
Z
Qλµ = ρZ (r)rλ Yλµ (Ω)dr.

(10)

(11)

To obtain the expression for the multipole operator in the DNS, we have to substitute the charge density operator ρZ (r) in (11) by
ρZ (r) = ρZ1 (r) + ρZ2 (r),

(12)

where ρZi (r) (i = 1, 2) are the charge densities of the DNS fragments. The
expressions for the dipole and octupole operators then become
√ A1 Z 2 − A2 Z 1
Q1µ = 1 4π
R {Y0 (Ωh ) × Y1 (ΩR )}1µ
A
√ A3 Z2 − A32 Z1 3
Q3µ = 3 4π 1
R {Y0 (Ωh ) × Y3 (ΩR )}3µ
A3
r
7 A2
− 4π
Q0 R {Y2 (Ωh ) × Y1 (ΩR )}3µ ,
5
A

(13)

where 1 and 3 are the effective charges introduced for dipole and octupole
transitions, respectively. As follows from Eq. (13), the dipole operator has only
contribution from the DNS configurations, while the octupole operator has a
nonzero contribution from the mononucleus configuration as well.
3

Results of Calculations

The yrast energy spectra of 222,224,226,228 Ra, calculated by diagonalizing the
Hamiltonian (1), are presented in Figure 1. The effective mass parameter for the
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Figure 1. Comparison of experimental (points) and calculated (solid lines) energies of
states of the alternating parity bands in 222,224,226,228 Ra. Experimental data are taken
from Ref. [20]. Calculated energies are obtained by the numerical diagonalization of the
Hamiltonian (1).

mass asymmetry motion is fixed as Bξ = 10 × 105 m0 fm2 for all considered nuclei. One should note that this value is larger than those used in Ref. [8] because
of the fact that additional degrees of freedom are considered. The potential energy is taken in the form of Eq. (5). The value of C0 is fixed by approximating
the -dependence of the potential energy calculated with Eq. (4). The potential
energy of the mononucleus configuration U0 (ξ = 0, β0 ) and the moment of inertia of the heavy fragment =h (ξ) can not be calculated within the DNS model.
Instead, U0 is fitted to reproduce the correct value of the nuclear binding energy as the lowest eigenstate of the Hamiltonian (1). The moment of inertia is
parameterized in the form
(rig)

=h (ξ) = c(ξ)=h

(ξ),

(14)

(rig)

where =h (ξ) is the rigid body moment of inertia for the corresponding heavy
fragment and
(
0.85,
ξ > ξα ,
c(ξ) =
(15)
c0 + (0.85 − c0 )ξ/ξα , ξ ≤ ξα .
The quantity c0 is a scaling parameter which is fixed by the calculation of the
energy of the 2+ state of the ground-state band. Calculations show that for
considered nuclei c0 = (0.2 − 0.45).
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As seen, the agreement between the calculated spectra and the corresponding
experimental rotational bands are rather good for all considered Ra isotopes.
One can see that the structure of the spectra is similar for all nuclei. In the beginning of the band, the negative parity states are shifted up with respect to the
positive parity ones. As expected, because the weight of cluster components increasing with angular momentum, the shift between negative and positive parity
states decreases. At certain critical value of angular momentum, the smooth rotational band with interleaved positive and negative parity states is formed. This
angular momentum corresponds to the transition to the limit of stable reflectionasymmetric deformation [18].
The transition from the limit of octupole vibration to the rotation of stable
octupole-deformed nucleus can be conveniently analyzed using the parity splitting quantity defined in Ref. [19]
S(I − ) = E(I − ) −

+
+
(I + 1)E(I−1)
+ IE(I+1)

2I + 1

,

(16)

which provides zero value for the rotational band of nucleus with rigid octupole
deformation. Having maximum value in the beginning of the band, the parity
splitting decreases with increasing angular momentum. The calculated and experimental dependences of the parity splitting on I are presented in Figure 2. In
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Figure 2. Caculated (lines) and experimental (points) values of parity splitting (see
Eq. (16)) for 222,224,226,228 Ra. Experimental energies are taken from [20].
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our model the value of parity splitting is determined by the relative weights of
the cluster components and the mononucleus in the wave function. Due to the
larger moment of inertia the weight of α-particle DNS increases with angular
momentum that decreases the parity splitting.
Using the wave functions obtained by the diagonalization of the Hamiltonian
(1) and the dipole operator given in Eq. (13), we calculated the reduced matrix elements for the dipole transitions between the positive and negative parity
states in Ra isotopes. Results are presented in Figure 3. For the 222,228 Ra and
226
Ra the experimental data are taken from Ref. [14] and Ref. [21], respectively.
For 224 Ra the experimental data are from Ref. [13]. The effective charge for
E1 transitions has been taken to be equal to 1 = e(1 + χ) with an average
state-independent value of the E1 polarizability coefficient χ = −0.7 [22]. This
renormalization takes into account a coupling of the mass-asymmetry mode to
the giant dipole resonance in a dinuclear system. The calculations qualitatively
reproduce the angular momentum dependence of the experimental matrix elements in 222,224,228 Ra. We see again that increase of weights of the cluster
systems leads to the enhancement of the strength of E1 transitions.
Note that the model has failed to reproduce anomalously small magnitude of E1
transition strength in 224 Ra. The possible explanation is following. As shown in
Ref. [23], the strength of dipole transitions is very sensitive to the proton-neutron

222

224

Ra

Ra

E1)||I-1> (e fm)

0.8

0.6

<I||M(

0.4

0.2

0.0

226

228

Ra

Ra

E1)||I-1> (e fm)

0.8

0.6

<I||M(

0.4

0.2

0.0
0

2

4

6

8

I

10

12

0

2

4

6

8

I

Figure 3. Angular momentum dependencies of the calculated reduced matrix elements
of the electric dipole operator (solid lines) between the states of alternating parity bands
in 222,224,226,228 Ra. Experimental data (points) are taken from Ref. [14] for 222,228 Ra,
from Ref. [13] for 224 Ra, and from Ref. [21] for 226 Ra.
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ratios in the clusters. Therefore, the independent treatment of collective motion
in mass and charge asymmetry is required to describe accurately the peculiarities
of dipole transition strength along the isotopic chain and, in particular, the strong
decrease of B(E1) in 224 Ra. This work is currently in progress.
4

Conclusion

We have suggested a cluster interpretation of the properties of the alternating
parity bands in heavy nuclei assuming collective motion in the mass asymmetry degree of freedom and by taking into account the relative angular motion
of clusters. It was demonstrated that the transition from the limit of reflectionasymmetric shape vibrations to the stable reflection-asymmetric deformation,
which occurs with increase of angular momentum, can be associated with increasing weights of cluster components in the nuclear wave function. The existing experimental data on the angular momentum dependence of parity splitting and of reduced matrix elements of dipole transitions between the members
of alternating parity bands are well reproduced for 222,226,228 Ra isotopes. The
strength of dipole transitions is overestimated for 224 Ra. Independent treatment
of mass and charge asymmetry degrees of freedom is required in order to describe anomalously small B(E1) values in 224 Ra.
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