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Abstract. We present the general formula of z(t) of a particle moving
under any potential expressed by a power series of x without solving the
equations of motion. If x(¢) is assumed to be expanded by a power se-
ries of ¢ with unknown coefficients, one can explicitly perform the time
integration of the action. By imposing the boundary conditions and the
extremum conditions to the action, all the expansion coefficients and
the function of x(t) are determined. This approach will be an alterna-
tive way to analyze the motion in classical mechanics based not on the
variational principle and the Euler-Lagrange equation.
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1 Introduction

In analytical mechanics, the Euler-Lagrange equation as an equation of motion
is derived from the principle of least action based on the variational principle [1]
(see also Refs. [2—6] for discussions in an educational point of view), and one
can analyze the motion of a particle by solving the equation of motion. In our
previous paper [7], we have presented an alternative way to analyze the motion
of a particle which is not based on the variational principle. In our approach, the
motion of a particle can be described by explicitly performing the time integra-
tion of the action and by solving the extremum conditions without solving the
equation of motion. We assume that the position = can be expressed by a power
series of the time ¢ [7-9],

z(t) = Zaktk, (1)
k=0
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with unknown parameters aj. By performing the time integration of the action

T
5= / Lat, @
0

in the time region 0 < ¢t < T, one obtains the action as a function of
S(T, ap,a1,as -+ ). Since a different set of the parameters {ay, } corresponds to
a different path of the particle, there exists the set {a, } such that the action takes
the extremum value corresponding to the actual motion of the particle. To find
the desirable set of {a}, one imposes the boundary condition 2(0) = a¢ and
x(T) = D instead of 62(0) = dx(T") = 0 in the variational principle method,
and then eliminates two degrees of freedom ag and a;. Next, by solving the
extremum condition

05 _
8aj a

all the parameters {ay, } can be determined.

0, for j>2, 3)

In Ref. [7], we have shown that our method works properly in some specific
cases. In the present paper, we extend the discussion to any potential which can
be expressed by power series of x. We find the general formula for the desirable
set {ay } without specifying the form of the potential, and then apply the formula
to several nontrivial examples of the potential. Our present approach will be an
alternative way of understanding the principle of least action based not on the
variational principle and the Euler-Lagrange equation.

2 General Formula

First we derive the general formula to obtain the coefficients a; which minimize
the action. Let us consider the motion of a particle of mass m along the z-axis
under the potential U (x) in the time region 0 < ¢ < T, and the Lagrangian L is
given by

1

L= 5m:‘ﬁ —Ul(x). 4)

The action is the sum of the kinetic term Sk and the potential term Sy as .S =
Sk + Suy. We assume that z(t) is expanded by the power series of ¢ as in Eq.(1)
which satisfies the boundary conditions

2(0)=0, o(T)=D — ay=0, aT=D->» a,T". (5)
k=2

Thus, ap vanishes and a4 is a function of T', D, and a, (k > 2) I Notice that
aj corresponds to the initial velocity vy.

IFor the case of ag # 0, the same discussions hold for the new variable y = x — ag. Therefore
we simply assume ag = 0. See the example discussed in subsection 3.1.
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The kinetic term of the action S is given by [7]

T, = 1 > k+e—1 D?
Sk :/ 5ME dt = im( Z KyearaiT + 7)7 (6)
0 k=2

where
(N
and its partial derivative by a; is

0SK
(90,]'

o0 oo
k4j5—1 N+j+1
=m E Kijap T =m E KniojanoTN ®)
k=2 N=0

where N =k — 2.
As for the potential term Sy defined as

T
Sy =— / Ul)dt, ©)
0

we assume that the potential U () can be expanded as the power series of x, as
Z vy = Z LU S ey B (10)
n=0 ki-kn=0

where UO") = d"U(z)/dx"|.=0. By substituting Eq. (10) into Eq. (9), and after
a long calculation, we find

5
Afy - a‘k?571
N+j+1
X TN by goetksgn—s. (1)

See Appendix for the detail of its derivation.

Now we require the coefficients of each order of 7V*+7+! to be zero as the
minimum condition 0(Sx + Sy)/da; = 0 from Eqs.(8) and (11), and then we
obtain

N+1 n 1 1

1 ()
AN+2 = (N+1 )(N +2) 2.2 Z 0 = G-

n=1 =1k, ks_1=2

n—a4
X ay” g, Aks_y ON Kyt ks 08, (12)
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N ay, | Eq. (12)
N=0|a | iUV
N=1|as f%U(EZ)al
N=2|as| 4 [UPar + 3UPa3]
N=3|as|—z5 [U(§2)a3 + U ayay + %U(g‘l)a?’}
N=4|as|—3; [Ué2)a4 + Ué?’) (ara3 + 3a3) + 5 U(g4)a1a2 + 4,U55) ﬂ

N=5|ar|—% [Uéz)ag) + U(()s) (a1a4 + agas) + §Ué ) (afas + ara3)
+3,U(5)a1a2 + 5,U(ﬁ)

N =6 | ag 7% [UéQ)ag + U(g ) (aras + asas + 2a3)

—|—Ué4) (a1a2a3 + a1a4 + ,a2)

+U(§5) (4a1a2 + 3,a1a3) + 4 Ué )alag + 6,U(7) 6}

Table 1. List of coefficients ax for ap = 0 and N < 6. The overall factor 1/m should be
multiplied.

which is the main result of our study. It allows us to find all the parameters ay,
sequentially. Notice that a; = 0 corresponds to the initial condition 4(0) = 0,
and n = ¢ in this case. Table 1 shows a list of aj, for ag = 0 and N < 6 without
the factor 1/m calculated from Eq. (12).

In the next section, we will give several nontrivial examples to confirm that the
formula Eq. (12) can indeed describe the motion.

3 Examples

3.1 Inverse-square potential

We first present an example of a nonlinear equation of motion of a unit mass
m = 1 in an inverse-square potential given by

1
212’

U(z) = (13)

as an example that has an exact solution. The potential Eq. (13) corresponds to
the centrifugal potential U () = L2 /(2ur?2), with the angular momentum L and
the reduced mass p in the radial direction.

First we will find the analytic solution of the equation of motion. The equation
of motion of a particle of unit mass m = 1is & = 23, and its solution under
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the initial conditions z(0) = 1, #(0) = 1 is given by
z(t) = V1 + 2t + 262, (14)

Now we define the new parameter y = x — 1, and rewrite the potential with
respect to y as

1 1 —
Uly) = ——— = = —1" 1)y™. 15
W) = 355717 22::( )"(n+ 1)y (15)
The equation of motion for y is §j = (y + 1)~2 and its initial conditions are
y(0) =0, ¢(0) = 1. Therefore the exact solution is

1, 15 3, 1
=VI1+24+22 —1=t+-t>— 3+t ——t°+.... (16
y(t) +2t+ ot gt gt - o (16)

The solution Eq. (16) can be obtained from Eq. (12) (or Table 1) by applying the

results in the previous section for y. In fact, since Ué") = —(—=1)"(n+1)! from

Eq. (15) and a9 = 0, a; = 1 corresponding to the initial conditions for y, we
obtain the parameter ay, as

—= =—=,... 17

2 ) as ( )
which reproduces Eq. (16). In this way, by directly applying the principle of
least action to the Lagrangian, one can correctly describe the motion without
solving the equation of motion.

3.2 Inverted pendulum

As the second example, we consider an inverted pendulum that a mass m at-
tached at the edge of a massless rod of the length /. Under the gravitational
acceleration g, the Lagrangian

1 )
L= §m€292 — mgl cos, (18)

gives the equation of motion
6 — w?sinf = 0, (19)

where w = /g/¢ and the angle 6 of the rod is measured from the vertical. We
first confirm that the power series solution Eq. (12) coincides with the analytic
solution under a small-angle approximation |6 < 1. Next, we will find that the
power series solution agrees well the numerical solution of Eq. (19) in the whole
range of 6.
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For the small-angle approximation |#| < 1, Eq. (19) reduces to 6 — w20 = 0.
Under the initial condition §(0) = 0 and 6(0) = wp (which is not related to w),
it can be solved as

o(t) = % sinh(wt)

wo 1 1
== {wt+?)!(wt)3+5!(wt)5+~~], (20)

On the other hand, since the potential is given by
1
U = mbw? (1 — 292> ; (21)

U™ = 0 except U = —mw?, where U™ = d"U/d(¢6)"|so.

Here we assume that 6 is expanded by wt as

0t) = > artt =3 by (wt), 22)
k=0 k=0
where a;, = biwF. For instance in the case of N = 1, a3 =

7(1/6)(U(§2)/m)a1 = (1/6)w?a; from Table 1, and thus one obtains b3 =
(1/31)b;. In a similar fashion, one obtains

1 1 1
b3 = =b bs = =b by = =bq,...
3 3| 1, 5 5' 1, 7 7| 1, ) (23)
by=by=bg=---=0,

which is equivalent to Eq. (20) with b; = wo/w(a; = wp).
Next, without any approximation, the potential is given by
U = ml*w? cos 0, (24)
and U™ = mw? cos(nm/2) for all n > 1. Therefore the coefficients by, in
Eq. (22)
1

BE]
bQ:b4:b6:"':07

1 1
bs by, b5:§(b1—b§), b7:ﬁ(b1—11b§+b§)7...,

(25)

are obtained. Notice that by has the higher orders of b; corresponding to the
deviations from sinh(wt).

Figurel shows the relation of the angle 6 and wt for by = 0.02. Thick black and
red solid curve represents the power series solution up to b; and the numerical
solution of the equation of motion Eq. (19), respectively. Blue dashed curve
represents the analytical solution Eq. (20) under the small-angle approximation,
which is apart from the numerical solution for 6 ~ 7 /2. One sees that the power
series solution agrees with the numerical solution in the whole range of 6.
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Power Series

Numerical
----- sinh(wt)

Tom - 0 T 2m

Figure 1. The relation of the angle § and wt in the inverted pendulum. The power series
solution is drawn by the coefficients up to br.

3.3 Morse potential

Finally let us consider the motion under the Morse potential [10], which is an
interatomic interaction model of a diatomic molecule, as an example that an
analytic solution can not be written by elementary functions. The Lagrangian is
given by
1 -2 —az\2

inmx —Uo(l—e ) , (26)
where Uy and « are positive constants. One can readily find U(E") = (2" -
1)(—a)" 2mw? in this case, where w = a+/2Uy/m. The motion under the
Morse potential can be approximately treated as the harmonic oscillation of the
angular velocity w for |az| < 1.

Here we assume that x is expanded by wt as

o0 1 o0
_ k_ 2+ k
o(t) = 3ot = 03 b () 7
k=0 k=0
where a; = bkwk/a. For instance in the case of N = 1, a3

—(1/6)(Ué2)/m)a1 = —(1/6)w?a; from Table 1, and thus one obtains b3 =
—(1/6)b;. Therefore, one finds that the parameters by, up to by are given by

1 1
by =0, by=—=by, by==b?
2 ) 3 617 4 817

= b

e (28)
b6 = %(gb% + 3b1b3 - b4)7

1,31 . 7
1= g5 (g0t + 5t — 3biba +0s). o
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Figure 2 shows the time evolution of z for Uy/m = 1 and b = 0.1. Thick
black and red solid curve represent the power series solution up to by7 and the
numerical solution of the equation of motion, respectively. Blue dashed curve
represents the exact solution of the harmonic oscillator of the angular velocity
w defined above. The amplitude of the harmonic oscillation is b1/, which is
depicted by the horizontal dashed lines. It can be seen that the power series
solution agrees with the numerical solution for |wt| < 7. The approximation of
the power series solution will be better if one takes by, more.

Power Series

Numerical

————— sin(wt)

7b1/0[ e e

Figure 2. The relation of the position x and wt in the Morse potential. The power series
solution is drawn by the coefficients up to bi7.

4 Conclusions

We have found the general formula for the coefficients {ay } of the power series
ansatz for v = > axt* by explicitly performing the time integration of the action
and by solving its extremum conditions for any potential U (x) expressed by a
power series of the position z. We presented several nontrivial examples to show
that our approach properly describe the motion of a particle. Unlike the standard
method of analytical mechanics, our approach is not based on the variational
principle and the Euler-Lagrange equation.

It may be simpler to assume another way of expansion of z(t) and U (z), such as
a Fourier series expansion, depending on the form of the potential. If the most
appropriate way of expansion is taken, it is expected that the convergence of z(t)
will be much better.

In this paper, we have restricted ourselves to the motion in one dimension. It will
be possible to extend this method to the motion in d dimensions if 2d boundary
conditions and extremum conditions are imposed. More general discussions are
left to future work.
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Appendix

Here we show the derivation of Eq. (11). The potential term Sy defined in
Eq. (9) is explicitly integrated by assuming the power series expansion Eq. (10)
as

-y Z 05" o)

n=0a=0k;-- a_2
1

X
ki+--+ka+(n—a)+1

(alT)nfaakl Ce akaj’lir'“JrkaJrl7 (29)

where ( n_ oz) is the binomial coefficient, and

(a1 T~ (D — Z agTZ
_ Tf n—a (_1)ﬂDn—(a+B) i Qp. -+ - Th+ -+l 30
= B £y Qg ,  (30)
B=0 0 l=2

because of Eq. (5).
Since the extremum condition is the differentiation of the action by a; (j > 2),
its aj dependence is given by

oSy | 0

~ 7(ak1 ...akaa’el ...a[ﬂ)

8a]~ 8a]-

= aékajakl Qg Ayt Qg + ﬂégﬁjakl Crr Ak, Qpy Qg g, (31)

which is a sum of products of a«+ 8 — 1 coefficients. By renumbering the indices
kand £ as ky - - kqtp—1, We obtain

9S n n—o 1 N
*U=—ZZZ > o

n=0 a=0 B=0 k;---katps_1=2

* (n . a) <n _n(;iﬁ)) (=1)P pr—(a+h)

«
X
[k1+---+ka1+j+(n—a)+l
N 8
ki+ ket (n—a)+1
X gy * aka+B71Tk1+--~+ka+ﬁfl+j+1' (32)
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Since the constant D can be rewritten by the parameter aj, as

n—(a+pB)
D" (a+p) (G1T+ Zae )

n—(a+6)
_ Z ( n— (Ol + B) )(alT)nf(a+B+'y)
n—(a+p6+7)
~=0
X Z Qgy - GKWTAJFMJFZW? (33)
£yl =2
Equation (32) is as follows:
8SU © n n—an—(a+p) (_1)5

— (n)
TP S IP DD > U alB[n = (a + B +7)]

n=0a=0 =0 =0 ki kqygiy—1=2

a B
X , + }
[k1+-~-+ka_1+g+(n—a)+1 ki ko+(n—a)+1
X (alT)ni(aJr'BJrv)akl T akowr/ww—lTkl+v..+ka+ﬂ+wil+j+lv (34)
where the indices ¢4, - - - , £ have been redefined as ko1 3, - - , katg+~y—1, and

%(nﬁa) (n—n(;iﬁ)) (nﬁ(_a(i;f)v))
1

IR R

has been used.

In a certain value of § defined by o + 5 + v = 4, the terms of § = 0 vanish and
those of § > 1 can be non-zero in Eq. (34). In fact, the first and the second term
in the square bracket [- - - | of Eq. (34) has a non-zero value when o = 6, § =
vy=0anda =6 —1, 8 =1, v = 0, respectively, and the other terms are
cancelled out each other. Therefore the summations of «, 3, and -y are reduced
to the summation of 4. Moreover, we define N = ky +---+ ks_1 +n — 0 and
then the order of the each term of Eq. (34) about T is TN+J+1. Therefore we
find that Eq. (34) reduces to Eq. (11).
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