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Abstract. Galaxies are huge physical systems having a generic size of tens
of thousands of parsecs. Thus any modification at the center of the galaxy will
affect the outskirts only tens of millennia afterwards. Those retardation consid-
erations seems to be neglected in present day analysis used to estimate rotational
velocities of matter in the rim of the galaxy and its surrounding gas. The sig-
nificant differences between the velocities predicted by Newtonian action at a
distance theory and observations are usually dealt with by either assuming an
unobservable type of matter usually referred to as “dark matter” or by modi-
fying the laws of gravity (MOND as a typical example). We show that there
are overlapping conditions for the need to apply retardation corrections in the
weak approximation to general relativity and the low acceleration conditions
for MOND corrections in Newtonian gravity. We will also discuss the relations
between MOND and the weak approximation to general relativity that is to the
retarded gravitational potential.

KEY WORDS: General Relativity, MOND, Retardation, Weak Field Approxi-
mation.

1 Introduction

It is known that general relativity (GR) was corroborated by many types of obser-
vations. However, at this time, Einstein gravitational theory is at a crossroads. It
has many observations to support it, and it has some very disturbing challenges.
The triumphs that it has achieved in both astrophysical and cosmological scales
have to be contrasted with the fact that GR needs to use two unconfirmed in-
gredients, dark matter and energy, to explain some of the observations. Dark
matter has not only been speculated since the 1920s (when it was known as
missing mass), but it has also become desperately needed as more and more of
it had to be assumed on larger scales as new observations have become avail-
able. Here we will be concerned in the excess dark matter needed to explain
observed gravitational lensing. Moreover, 40-year-underground and accelerator
experimentation have failed to find any trace of it. The situation has become
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even more disquieting in the last years as the Large Hadron Collider did not find
any super symmetric particles, the popular solution to the dark matter enigma.

While the dark matter hypothesis may eventually prevail, the situation is disturb-
ing enough to consider the option that the paradigm might need to be amended if
not replaced altogether. The present essay suggests such a modification. Unlike
other solutions such as Milgrom’s MOND—modified Newtonian dynamics [1],
Mannheim’s Conformal Gravity [2-4], Moffat’s MOG [5] or f(R) theories and
scalar-tensor gravity [6], the present approach is, the minimalist one adhering
strictly to the razor of Occam principle. It suggests to replace dark matter by
effects within standard GR. This is line with the teachings of Einstein himself:
“Everything should be made as simple as possible, but not simpler”.

Fritz Zwicky noticed in 1933 that the velocities of Galaxies within the Comma
Cluster are much higher than those predicted by the virial calculation that as-
sumes Newtonian theory [7]. He calculated that the amount of matter required
to account for the velocities could be 400 times greater with respect to that
of visible matter, which led to suggesting dark matter throughout the cluster.
In 1959, Volders, pointed out that stars in the outer rims of the nearby galaxy
M33 do not move according to Newtonian theory [8]. The virial theorem cou-
pled with Newtonian Gravity implies that MG /r ~ Muv?, thus the expected
rotation curve should at some point decrease as 1/4/r. During the seventies
Rubin and Ford [9, 10] showed that, for a large number of spiral galaxies, this
behavior can be considered standard: velocities at the outskirts of galaxies do
not diminish— but they attain a plateau (or start to increase in a characteristic
way) at some unique velocity, which differs for every galaxy. In previous works
it was shown that such velocity curves can be deduced directly from GR if re-
tardation is not neglected. The derivation of the retardation effect is described in
previous publications [11-17], this is depicted in Figure 1. Similar graphs de-
scribing rotation curves of other galaxies can be found in [20]. The Tully-Fisher
relations [21] can be also deduced from retarded gravity [22].

Previous work assumed a test particle moving slowly as is appropriate for the
case of galactic rotation curves, this is not so when the test particle is moving
in the speed of light as in the case of gravitational lensing. Here, a different
approach is needed as described in [18,19]. Yet, it is concluded that the apparent
“dark mass” must be the same as in the galactic rotation curves.

In a recent work the virial theorem which was used by Zwicky to calculate the
mass of the Comma cluster taking into account the velocities of Galaxies within
the cluster was analyzed in the frame work of retarded gravity [23]. It was
concluded that any excess mass above the baryonic mass in the cluster can be
explained using retardation effects. Thus retardation can also explain “dark mat-
ter” effects on scales which are large by many orders of magnitude than the
galactic scales.

The connections between MOND and retarded gravity exist on many levels. In-
deed MOND preceded the retarded gravity explanation of “dark matter” effects
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Figure 1. Velocity curve for M33. Observational points were obtained by Dr. Michal
Wagman, a former PhD student under my supervision, using [35]; the full line describes
the rotation curve, which is the sum of the dotted line, describing the retardation contri-
bution, and the dashed line, which is Newtonian.

and thus served as an inspiration for the need to look more deeply into gravita-
tional theory rather than invoke superficially some new type of matter in nature
(which is not different in essence from the “quintessence” of ancient times). An-
other connecting feature of the two ideas, is the significance of the second deriva-
tive. In MOND the acceleration of the test particle is the feature that makes the
gravitational force not Newtonian that is if it is lower than a certain acceleration
ao. In retarded gravity it is the second derivative of mass density which cause
retarded gravity to be different in a measurable way from Newtonian gravity.

In this paper we shall discuss the criteria of validity of corrections to Newtonian
gravity in both theories, showing the similarities and differences. We will also
show how both theories can be put in a similar mathematical form. Finally we
discuss the relations between MOND and retarded gravity to general relativity.

2 Linear GR

Only in cases of extreme compact objects (black holes and neutron stars) and
the very early universe we consider the solution of the full non-linear Einstein
equations [11]. In most cases of astronomical interest (including the galactic
case) a linear approximation to those equations around the flat Lorentz metric
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Ny 18 used, such that:
v = Mpw + oy, M = diag (1, -1, -1, -1), lhw| < 1. (1)

One then defines the quantity:

1
h#u = h,tw o imwha h = U“thm (2)

huw = hy,, for non diagonal terms. For diagonal terms:

_ _ 1
h=—-h= hy =hy, — 577Wh. 3)

It was shown ( [24] page 75, exercise 37, see also [25-27]) that for a proper
gauge the Einstein equations are:

- 167G

[e3
Py o

A pra Bua,a = 0. (4)

Equation (4) can be solved such that [33, 34]:

S AG [ T (F,t—£)
P () = _?/#d 7,
.’EO
tE*v 7=az" aab€[17273]»
C
R=#-#, R=|R| 5)

In [28-31] we explain why the symmetry between space and time is broken,
which justifies the use of different notations for space and time. 4G/c? ~
33 x 107*; is a tiny number, hence, in the above calculation one can take
T,.v, to zeroth order in h,g. We now evaluate the affine connection in the linear
approximation:

1
I, = 57’&5 (hgu,w + v — Pyw,g) - (6)
Notice that the affine connection has first order terms in h,g; hence, to the first
order I}, utu” appearing in the geodesic equation, u/u"” must be taken to zeroth
order. In which:

1 g i
W= ——, u'=i=—-— T=—, v=]|1. @)
/ v2 / v2 t
- c2 - c2
For velocities much smaller than the speed of light in vacuum:
0]
uwl ~1, U~ —, u® < u’ for v<e. ®)
c
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Hence, the current paper does not discuss the post-Newtonian approximation,
in which matter travels at speeds close to the speed of light, but we do consider
the retardation effects which are due to the finite propagation speed of the grav-
itational field. We emphasize that assuming v/c < 1 is not the same as stating
R/c < 1 (with R being the typical size of a galaxy) since:

EZEE 9)

C cCv

now since in galaxies, R/v is huge (R/v ~ 10'® seconds); it follows that, v/c
can be dismissed but not R/c, for which R/c ~ 10'? seconds. Inserting Egs. (6)
and (8) in the geodesic equation, we arrive at the approximate equation:
dv®
dt

1
~ — T8 = —c? (hg}o - 5hoo,“). (10)

Taking a standard matter 7),,,, assuming pc? > p and, taking into account
eq. (8), we arrive at Toy = pc?, while the remaining tensor components are
much smaller. Therefore, hog is larger than other components of BW. Notice
that it is not possible to deduce from the magnitudes of quantities that a similar
difference exists between the derivatives of those quantities. Gauge conditions
in eq. (4) lead to:

P’ = —haa = h0," = —hoa,"s  hpo’ = —hp,*. (1)

Thus, the zeroth derivative of hgg (which contains a 1 /c) is of similar order as
the spatial derivative of hg,. Also the zeroth derivative of Ao, (see eq. (10)) is of
similar order as the spatial derivative of h,,. However, we can compare spatial
derivatives of hgp and h,p, and conclude that the former is larger. Taking into
account eq. (3) and the above consideration, we write eq. (10) as:

dv® dﬁ - - c?

C — _
= e = o= -Ve=F,  ¢=_ho. (12)

Thus, the gravitational potential ¢ can be estimated using eq. (5):

=/ _
b= ghoo G/Too(x ; Rjc) 5.0

-G / R/ Pt RIC) (13)

and F is the force per unit mass. In the case that the mass density p does not
depend on time, we may use the Newtonian instantaneous action at a distance.
Notice, however, that it is improbable that p is static for a galaxy, as it accretes
intergalactic medium gas. Also notice that the velocity of galactic and inter-
galactic matter components (stars, dust & gas) are implicit in the above for-
mulation as the a time dependent density requires a velocity field according
to the continuity equation (52) of [15].
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Inserting equation (13) into equation (12) will lead to:

ﬁ:ﬁNT'+ﬁ7'?

p(f/at_ %) 3 N E
FN7**G/ R2 Rd I/, R:E,
f_ G oy
= '~ <’Rd (n) = . 14
c R R x? p at" ( )

Thus a retarded potential does not only imply a retarded Newtonian force Frr,
but in addition a pure “retardation” force F,. which decreases slowly than the
Newtonian force with distance, explaining the peculiar form of the galactic ro-
tation curves. We emphasize that this result is independent of any perturbation
expansion in the delay time % as was done in [15]. However, the perturbation
expansion does shed some light on the nature of those force terms as will be

explained in the next section.
3 Retardation Effects Beyond the Newtonian Approximation

The duration % may be tens of thousands of years, but may be short with respect
to the duration in which the galactic density changes considerably. Thus, we
write a Taylor series for the density:

R, 1 R
t— =)= M) (& ) (—=)". 15
PP =) = D @0 ) (s)
By inserting egs. (15) into eq. (13), we will obtain:

¢ =2 + ¢(n>2) )

QS :_G/ d3 / G/p(l)(—*/ d3 r /Rp(Q) d3 /
c

n>2) __GZ nlcn /Rn 1 (n) I )d3 r (16)

n=3

The Newtonian potential is the first term, the second term has null contribution,
and the third term is the lower order correction to the Newtonian theory:

~53 / Rp (& t)d3x' . 17)

The expansion given in eq. (16), being a Taylor series expansion, is only valid
for limited radii determined by the convergence of the infinite sum:

R < ¢Tiax = Rmax (18)
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hence the current approximation can only be used in the near field regime, this is
to be contrasted with the far field approximation used for gravitational radiation
[43-45]. The restriction is even more severe when one uses a second order
expansion as was done in [15].

If n > 2 terms can be neglected the total force per unit mass can be approximated
as:

N TR GO T S I
N =—-Von = G/ Iz Rd°7’, R= 7
N = G A
= _ - (2) (7! 3./
F,. = -V, 5.2 P (& )Rz (19)

In the above ﬁN is a non retarded Newtonian force. To see how this comes
about from the existence of a Newtonian retarded force and retardation force as
defined in equation (14) we write those expressions up to order O(1/c?) using
equation (15), we thus have:

. =/ R (1) (7 R
FNTZ_G/p(mZ’t)RdBJ;I _’_Q/M—Rd-:%x/

R c R
G .
T (2) (7 3./
502 /p (@', t)Rd>x’,
. W (1) ~ R
F. ~ —% / L}:’”Rd%’—kg / p B (& t)Rdx. (20)

Adding those two terms we see that the first order terms in % cancel and we are
left with the zeroth and second order terms which only partially cancel, as de-
tailed in equation (19). The cancellation of first order terms is indeed remarkable

as was pointed out by Feynman [32] with respect to the electromagnetic case.

F_"N first introduced by Newton is attractive, however, the retardation force ﬁr
can be either attractive or repulsive. Newtonian force decreases as 1/ R2, how-
ever, the retardation force doe not depend on distance as long as the Taylor
approximation given in eq. (15) holds. Below a certain distance, the Newtonian
force dominates, but for larger distances the retardation force has the upper hand.
Newtonian force can be neglected for distances significantly larger compared to
the retardation distance:

R> R, = cAt, 21)

At is a duration associated with the second order derivative of the density p.
For R < R,, retardation can be neglected and only Newtonian forces need to
be considered; this is the situation in the solar system.

If we need to calculate a gravitational force far away from the main mass we
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may write equation (19) as:

ﬁgﬁN+ﬁar7

- M ) 7
Fy ~ -G—T, M= /p(:’c",t)d‘gx', r= |, p=?

T T
. G .
F, ~ —@MT. (22)

This leads to the definition of a “dark matter”” mass within a radius r as:
r2M| Ma(r)
My(r) = 52 Fy~-G 2 (23)

As the galaxy accretes intergalactic gas, the galactic mass M becomes larger
thus M > 0; however, the intergalactic gas is depleted, and thus the rate at
which the mass is accreted decreases resulting in M < 0, hence we have an
attractive retardation force.

One may claim that since for the galaxy M < 0 and the total mass is conserved it
must be that M/ > 0 for the matter outside the galaxy and thus retardation forces
ﬁar inside and outside the galaxy should cancel out. This derivation, however,
is false because equation (19) is only valid when R/c is small, it is certainly not
small if the rest of the universe outside the galaxy is taken into account. We have
shown [16] by a detailed model that a retardation force exist regardless if one
assumes the expansion of equation (15) or not.

4 When is Retardation Important?

As mass is accumulated in the galaxy or galaxy cluster, it must be depleted in
the surrounding medium. This is due to the fact that the total mass is conserved;
still, it is of interest to see if this intuition is compatible with a model of gas
dynamics. For simplicity, we assume that the gas is a barotropic ideal fluid and
its dynamics are described by the Euler and continuity equations as follows:

o &

E‘FV'(PU)—O, (24)
v 97, = Vplp) =
= T V)= ; Vo, (25)

. . . .o 0.
where the pressure p(p) is assumed to be a given function of the density, — is

ot

a partial temporal derivative, V has its standard meaning in vector analysis and

d . . L . .
T is the material temporal derivative. We have neglected viscosity terms due to

the low gas density.
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4.1 General considerations

Let us now take a partial temporal derivative of equation (24) leading to:

% o Op., OV
ﬁﬁ-v (8t v+p 315) 0. (26)

Using equation (24) again we obtain the expression:

0%p - - .l ov
22 =V (V- (pv)v—p(at) . 27

We divide the left and right hand sides of the equation by c¢? as in equation (14)
and obtain:

10% - (T(70 - -7 192
P _g. (. () ) = p= e ). 28
c? Ot? v (c (c VoV (c)> P ot (28)
. . . . 1 0% .
Since U/c is rather small in galaxies and galaxy clusters it follows that 292 is

also small unless the density or the velocity have significant spatial denvatlves.
Ioj

A significant acceleration —; resulting from a considerable force can also have

a decisive effect. The depletion of available gas can indeed cause such gradients.

Taking the volume integral of the left and right hand sides of equation (28) and

using Gauss theorem we arrive at the following equation:

N N T = = U 10%
=4 [l ia }{ds -V,O+pV~(E))—pCat) (29)

The surface integral is taken over a surface encapsulating the galaxy or galaxy
cluster. This leads according to equation (23) to a “dark matter” effect of the

form:
2 s (T[T o - T 10
=—¢dS-[-|--V V(=) —-p—55. 30
2% <C (C p+p (C)> oy (30)
Thus we obtain the order of magnitude estimation:

S RRCR!

L

In the above we define three gradient lengths:

s lg = . (32)
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We can also write: ) ) ) )
(R e T 33
s LP + ly + ld} ’ (33)

in which the smallest gradient length will be the most significant one in terms of
the “dark matter” phenomena. Thus:

F. M, 2

_ [Ma()] (9) . (34)
F N M C lt
In the depletion model we assume that [, associated with density gradients is the
shortest length scale. For galaxies we have (v/c)* ~ 106, hence the factor /I,
should be around 10° to have a significant “dark matter” effect. A detailed model

of the depletion process in galaxies leading to the desired second derivative of
galactic mass is given in [15] and will not be repeated here.

4.2 Retardation in terms of acceleration

MOND changes Newton’s gravity when the acceleration a is about the size of a
small typical acceleration ag or smaller, it coincides with Newton’s theory when
a > ag. Retardation is important according to equation (34) when:

v2
2

r
— > fr, 35

C lt

where fr = F,./Fy is a certain fraction of the Newtonian force, say 5%. Now

if we define a radial acceleration a = v /7 it follows that for retardation effects

to become important we must have:

2 C2lt

v
a=--> ac(r) = fr ol (36)
However, as a.(r) decreases as 1/r? this means that this inequality will be sat-
isfied more easily for larger r. Thus “dark matter” effects can be interpreted
in terms of acceleration as MOND postulates. However, acceleration does not
need to be small or equal to a( in order to have “dark matter” effects, rather
acceleration must be bigger than some critical acceleration a.(r) which depends
on radial distance. Thus, the inequality becomes more easy to satisfy at large
radial distances, in which case the acceleration is indeed quite small as MOND
suggests.

5 MOND and Retarded Gravity Compared

According to MOND [1] the force of gravity is modified as follows:
=~ GM
H(Q)T
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In the above p, is the interpolation function that should be one for ag < a. Let
us assume a “standard interpolating function”:
z a 1
T) = —— = —) = (38)
p(w) T u(ao) T (@)
if ap > a, p ~ a/ag. A particle revolving in a unchanging radius will have a
centrifugal acceleration of a = v?/r and thus:

= GM
Fy= "0

5T (39)
v2r
For the constant v at a far away distance, this expression is similar to the retar-
dation force given in equation (22) and thus:

2Magc?

M:
M| = —5

(40)
Milgrom found ag = 1.2 x 10~ '%ms~2 to be most fitting to the data. The veloc-
ity at 15.33 kpc from the center of the M33 galaxy is 135,640 ms~!. We thus
obtain | M| =~ 4.94 x 10'6 kg /s? and a retardation time of:

M
tr = — ~6.3510" s. 41)
| M|

This amounts to a typical accumulation acceleration time scale of ¢, ~20,129
years and a retardation distance of:

R, = ct, ~ 20,129 light years, (42)

which seems reasonable according to our fitting estimates [15]. Hence, MOND
can help estimate retardation theory quantities. Of course equation (40) does
not make much sense as the left hand side is constant and the right hand side
depends on the distance as 1/r (provided v is constant). Hence it can be used
for a single distance at most.

6 Retarded Gravity as a New Type of MOND

Let us assume a new type of interpolation function which is admittedly nonstan-
dard:

()

2
= 1 (L= @y

= = =
Vi+azt V1424 : ao V1+ (ag/a)*

if ag > a, i ~ (a/ag)’. A particle revolving in a unchanging radius will have
a centrifugal acceleration of @ = v?/r and thus:
= GMa3

Py = ——— 00 (44)
v
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For the constant v at a far away distance (deep MOND regime), this expression
is similar to the retardation force given in equation (22) and thus we obtain a
spatial independent expression for the mass second derivative:

o 2M aic?
M| = —"—. (45)
v
which leads to the Tully-Fisher relation:
M|
M = kv* _ 46
ot 25 (46)
alternatively we may express ag in terms of |M | as follows:
v [1M]
=—\/ - 47
="\ om “7)

In this sense retardation theory is just a MOND type theory with non-standard
interpolation function:

T e~ Fy4 Fy. (48)

7 Conclusion

Retardation theory is a legitimate approximation to GR, MOND with a stan-
dard interpolation function is not, hence it is in contradiction to GR, this is
openly admitted. All the attempts to build a theory which satisfies diffeomor-
phism symmetry and give MOND as a limit (TEVES for example) have violated
even a more basic rule of science the rule of parsimony (William of Occam,
Newton & Einstein) which states: “That everything must be explained as simple
as possible but not simpler than that” (Einstein’s version). This means that it is
forbidden to postulate new fields, axioms & laws of nature, if the phenomena
under consideration can be explained with the known laws of nature.

Under linear approximation we have solved Einstein field equations in term of
retarded solutions. Those solutions were used to derive the trajectory of particles
and light rays. This is followed by a discussion on the physical requirements
needed in order to derive “dark matter” effects from retardation and a detailed
model showing how those requirements are satisfied.

Lorentz symmetry invariance does not allow action at a distance potentials and
forces, but retarded solutions are allowed. Retardation is significant for large
distances and large second derivatives. It should be emphasized that the retar-
dation approach does not require that velocities in, v in the gravitating body are
high; in fact, galactic & galactic cluster bodies (stars, gas) move slowly with

16
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respect to the speed of light—thus the quantity v/c < 1. Typical velocities in
galaxies are 100 km/s (see Figure 1), which makes v/c to be about 0.001 or
smaller. However, every gravitational system, even if it consists of subluminal
entities, has a retardation distance, above which retardation cannot be neglected.
Natural systems, for example a star or a galaxy and even a galactic cluster, ex-
changes mass with its environment. The sun loses mass through solar wind and
galaxies accrete matter which originate in the intergalactic medium. Thus all
natural (gravitational) systems have a finite retardation distance. This leads to
quantitative inquiry: what is the actual size of the retardation distance? The
modification of the solar mass is quite small and thus the retardation distance of
the solar system is extremely large, we can thus neglect retardation within the
solar system. On the other hand, for the M33 galaxy, velocities indicate that
retardation cannot be neglected. The retardation distance was calculated in [15]
to be roughly R, = 4.54 kpc for M33; other galaxies of different types have
shown similar results [14,20].

We underline, that if extra galactic mass is abundant (or totally consumed), M ~
0 and the retardation force vanish. As was reported [40] for NGC1052-DF2.

We emphasize that the terms in the GR equations responsible for gravitational
radiation recently discovered are also the cause for the peculiar shape of the ro-
tation curves of galaxies and gravitational lensing. The approximation used here
is not a far field approximation but a near field one. Indeed, the expansion (16),
being second order, is only valid up to limited radii:

R < ¢Thax = Rmax - 49)

This is reasonable since the extension of the rotation curve in galaxies and the
distance of lensing trajectories from galaxies is the same order of magnitude as
the size of the galaxy. Further discussion of the relation between the approxima-
tion used and the exact expression can be found in [16].

The case in which the dimensions of the source is much smaller than the distance
to the observer will result in a different valid approximation, leading to the fa-
mous quadruple expression of gravitational radiation, as derived by Einstein [43]
and corroborated (indirectly) in 1993 by R.A. Hulse and J.H. Taylor. The ob-
servation of the Hulse-Taylor binary pulsar has given the first (indirect) proof
of gravitational waves [44]. On 11 February 2016, the LIGO and Virgo Collab-
oration announced that they made the first (direct) observation of gravitational
waves. The observation was made somewhat earlier, on 14 September 2015, us-
ing the LIGO detectors. The gravitational waves were caused by the merging of
a binary black hole system [45]. Thus, in this paper we study only a near-field
gravitational radiation as opposed to previous papers describing far-field results.

Retardation theory’s approach described here is minimalistic (it satisfies the Oc-
cam’s razor rule), and is not related to observations that are beyond the near-field,
thus it does not contradict GR observational consequences (nor Newtonian the-
ory, as the retardation effect is negligible for “small” distances). The perfect fit
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to the rotation curve and gravitational lensing is achieved with a single parame-
ter and we do not adjust the mass to light ratio in order to obtain a better fit as
is done by some other authors. Retardation effects beyond gravity, in particular
with respect to electromagnetic theory were studied in [48-53].

We have shown that retardation theory can be thought of as a MOND type theory
but with a non standard interpolation function. The low acceleration condition
of MOND is compatible with the condition for the necessity of retardation cor-
rections.
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